Introduction {#s01}
============

Centrioles are duplicated once in every cell cycle, and only a single copy is generated from each preexisting centriole in each duplication ([@bib4]; [@bib30]), which ensures bipolar mitotic spindle assembly and thus optimal regulation of the cell cycle. However, the mechanisms underlying the regulation of the number of centriole copies are largely unknown. In human cells, three centriolar proteins, namely, Polo-like kinase 4 (Plk4), STIL, and HsSAS6, have been identified as the core components involved in coordinating the onset of centriole duplication ([@bib4]; [@bib30]). In the early G1 phase, Plk4 localizes in a biased ring-like pattern surrounding the proximal periphery of the mother centriole ([@bib31], [@bib32]), using CEP152 as a scaffold ([@bib10]; [@bib11]; [@bib17]). Following the centriolar recruitment of STIL and HsSAS6, the ring-like pattern of Plk4 changes dynamically into a single focus containing the STIL--HsSAS6 complex through positive and negative regulation ([@bib31], [@bib32]; [@bib3]). Although the Plk4 focus exclusively provides the site for cartwheel assembly and subsequent procentriole formation, the significance and molecular mechanisms underlying the dynamic pattern transition of Plk4 are yet to be addressed.

A recent study revealed that Plk4 possesses intrinsic self-organization properties, such as self-assembly and the promotion of dissociation/degradation of neighboring Plk4 molecules in an autophosphorylation-dependent manner ([@bib43]). This finding suggests that Plk4 itself may generate the bias in the spatial patterns around centrioles, before loading of STIL and HsSAS6. As Plk4 is the master regulator of centriole duplication ([@bib6]; [@bib15]), self-organized generation of bias may play an important role in the onset of the duplication process. In this regard, quantitative imaging at higher spatial resolutions may allow the detailed analysis of the spatial patterns of centriolar Plk4. In addition, a plausible and experimentally verifiable theory to fundamentally explain the mechanisms underlying centriole duplication is yet to be developed. For example, the link between the molecular nature of Plk4 and its dynamic pattern transition in centrioles remains unclear. A number of experimental and theoretical studies have demonstrated that biological systems commonly comprise self-organization mechanisms at the cellular and tissue levels ([@bib16]; [@bib34]; [@bib37]; [@bib40]). Thus, it is interesting and important to reveal the implications of the self-patterning of Plk4 in the pericentriolar nanospace for centriole duplication, and consequently for cellular function. Based on previous findings related to the self-organizing properties of Plk4 ([@bib43]), we here propose the first theory of centriole duplication mechanisms by integrating experimental data and mathematical modeling.

Results and discussion {#s02}
======================

The centriolar localization pattern of Plk4 is dynamic and synchronized with the cell cycle {#s03}
-------------------------------------------------------------------------------------------

During centriole duplication, Plk4 forms a ring-like pattern around the mother centriole and, subsequently, this pattern changes into a single focus, which provides the single duplication site ([@bib31], [@bib32]; [@bib3]). To quantitatively confirm this observation during the actual process of the cell cycle, we monitored centriolar Plk4 dynamics in live cells and correlated them with spatial patterns in fixed cells at a higher resolution. HCT116 cells, in which endogenous Plk4 was tagged with mClover, were synchronized via thymidine arrest, then observed via spinning disc confocal microscopy after thymidine release ([Fig. 1 A](#fig1){ref-type="fig"} and Fig. S1 A). Within 1 h after mitotic exit, during the putative early G1 phase, accumulation of Plk4 around the centrioles became apparent ([Fig. 1 A](#fig1){ref-type="fig"} and Fig. S1, A and B). Centriolar Plk4--mClover signals continued to increase for 3--5 h after mitotic exit, and then began to decrease as the cells progressed toward the next mitosis ([Fig. 1 A](#fig1){ref-type="fig"}).

![**Dynamic changes in the localization pattern of Plk4 during centriole duplication. (A)** Live imaging of Plk4 endogenously tagged with mClover in HCT116 cells, using spinning-disc confocal microscopy. DIC, differential interference contrast. The graph shows the mean ± SD fluorescence of Plk4--mClover (*n* = 5 cells). The arrows above the graph indicate approximate time points of metaphase. Scale bars, 10 µm. **(B)** Confocal immunofluorescence images of endogenous Plk4, with deconvolution. Synchronized cells were fixed at the indicated time after thymidine release and stained with antibodies against Plk4 and CEP152 (centriolar marker). Two representative images are shown for each time point. Scale bar, 0.5 µm. **(C and D)** Quantification of the Plk4 patterns. Representative oval profiles of Plk4 and the associated ring-filling indices (C) and a plot of all ring-filling indices (D) are shown. Representative images in C are from B. Schematics in C show how ring-filling indices are calculated. AU, arbitrary units; deg, degrees.](JCB_201904156_Fig1){#fig1}

Given the timing of the appearance of the Plk4 ring pattern (early G1 phase, before the formation of the daughter centriole) and the single-focus pattern (following the entry of STIL and HsSAS6), the increase and subsequent decrease in the Plk4--mClover signal may reflect the formation and disappearance of the ring pattern, respectively. Indeed, when observed at higher resolution via immunofluorescence confocal microscopy, the Plk4 ring pattern most frequently appeared 13 h after thymidine release. This corresponds to the time when the peaks in the Plk4--mClover signal were most frequently detected in the live cells ([Fig. 1, A and B](#fig1){ref-type="fig"}). At the onset of the increase in the Plk4--mClover signal in the live cells (10 h), only a small proportion of the fixed cells showed the ring pattern at the higher resolution. When the Plk4--mClover signal decreased as the cells progressed toward mitosis (5 or 18 h), the single-focus pattern became more dominant.

Interestingly, through careful observation, we found that the Plk4 rings in the putative early G1 phase were frequently incomplete. Some resembled Landolt rings ([Fig. 1 B](#fig1){ref-type="fig"}, 10 h and 13 h, right panels), while others resembled partial arcs ([Fig. 1 B](#fig1){ref-type="fig"}, 10 h, left panel). Even in the single-focus pattern, the Plk4 sometimes localized weakly in rings ([Fig. 1 B](#fig1){ref-type="fig"}, 18 h). Therefore, instead of merely classifying the patterns into ring or single-focus, we defined a parameter that describes the degree of ring formation and termed it the "ring-filling index" ([Fig. 1 C](#fig1){ref-type="fig"}). Consequently, we confirmed that these indices reached their peak 13 h after thymidine release and subsequently decreased ([Fig. 1 D](#fig1){ref-type="fig"}). Combined, these findings demonstrate in a quantitative manner that Plk4 changes its spatial patterns around centrioles dynamically, in synchronization with the cell cycle.

Stimulated emission depletion (STED) super-resolution microscopy revealed discrete and periodic patterns of centriolar Plk4 localization {#s04}
----------------------------------------------------------------------------------------------------------------------------------------

We used STED super-resolution microscopy to further investigate the incomplete ring patterns of Plk4 at higher resolution. In STED observations, to our surprise, we detected discontinuity in the ring patterns ([Fig. 2 A](#fig2){ref-type="fig"}). Instead of the expected continuous ring, we observed a chain of foci forming a discrete ring (resembling a pearl necklace; [Fig. 2 A](#fig2){ref-type="fig"}). It is unlikely that these discrete patterns merely reflect transition states between a continuous ring and a single focus, as none of our STED images acquired in this experiment captured continuous rings.

![**Discrete and periodic Plk4 ring patterns at the super-resolution scale. (A and B)** Comparison of the resolution of conventional confocal and STED images of centriolar Plk4 (from different samples) with or without deconvolution (A) and the oval profile of Plk4 (B). Scale bars, 0.5 µm. **(C)** An array plot of all STED profiles of Plk4 (*n* = 37 cells). **(D)** Histogram of angles between nearest-neighbor pairs of Plk4 foci in discrete ring patterns. The angle shown in the inset STED image (\*) corresponds to the distance indicated in yellow (\*) in the profile in B. **(E)** Representative STED images and quantification of CEP152 spatial patterns. Details as for B and D. *n* = 30 cells. Scale bar, 0.5 µm. **(F)** Representative STED image and quantification of CEP192 spatial patterns. *n* = 10 cells. Scale bar, 0.5 µm.](JCB_201904156_Fig2){#fig2}

We then extracted oval fluorescence intensity profiles to quantitatively analyze the Plk4 ring patterns ([Fig. 2, B and C](#fig2){ref-type="fig"}). In line with previous reports ([@bib31], [@bib32]), in most cases we found uneven distribution patterns with single prominent peaks. In addition, as illustrated in [Fig. 2 B](#fig2){ref-type="fig"}, the profiles exhibited spatial periodicity. We detected the peaks of the profiles and measured the angle (the distance in the profile plots) from each peak to its nearest neighbor to quantify the periodicity of the discrete ring patterns. Similar methods have been used successfully to analyze protein localization patterns in the ciliary transition zone or centriole distal appendages ([@bib35]; [@bib19]; [@bib44]). The average angle between nearest-neighbor pairs was ∼60° ([Fig. 2 D](#fig2){ref-type="fig"}). In other words, the discrete ring patterns tended to show a sixfold rotational symmetry. Autocorrelation analysis similarly demonstrated that the period of the discrete pattern was 65.0 ± 16.4° (Fig. S1 C). This was surprising, given the ninefold rotational symmetry of the centriole core architecture and the triplet microtubules. Therefore, an interpretation other than that based on the ninefold symmetry of the centriole architecture is required to explain the periodicity of the discrete ring patterns of Plk4.

The scaffold of Plk4 potentially has double its rotational symmetry and number of slots {#s05}
---------------------------------------------------------------------------------------

We applied the super-resolution analysis to CEP152, the main scaffold of centriolar Plk4, to identify the factor generating the sixfold symmetry of the discrete ring patterns of Plk4. Via STED observations using an antibody to the N-terminal region of CEP152, we found that CEP152 also showed periodic patterns ([Fig. 2 E](#fig2){ref-type="fig"}). Unlike Plk4, we did not find obvious bias in the periodic patterns of CEP152, which was consistent with previous observations ([@bib32]). Interestingly, the patterns of CEP152 showed higher spatial frequencies than those of Plk4. The average angle between nearest-neighbor peaks was ∼30° ([Fig. 2 E](#fig2){ref-type="fig"}). CEP152 therefore exhibits a rotational symmetry of order 12, which is double that of Plk4. Since the periodicity of the CEP152 localization patterns was not entirely clear, we conducted a further analysis for verification (Fig. S1, D and E). Combined, these results suggest that the scaffold CEP152 provides 12 slots for Plk4, but Plk4 appears to preferentially select six of them.

Besides the CEP152 scaffold, CEP192 serves as a scaffold of Plk4 at centrioles, and it is suggested that Plk4 switches its scaffold protein from CEP192 to CEP152 during centriole duplication processes ([@bib22]; [@bib33]). We therefore similarly quantified the spatial pattern of centriolar CEP192 by STED analysis. Interestingly, centriolar CEP192 showed periodic patterns at intervals close to 40° ([Fig. 2 F](#fig2){ref-type="fig"}). As the diameter of centriolar CEP192 is much smaller than those of CEP152 and Plk4 ([Fig. 2, B, E, and F](#fig2){ref-type="fig"}), it is unclear whether the spatial pattern of centriolar CEP192 affects that of Plk4 through a direct interaction.

Simulation models based on the self-organization of Plk4 via a lateral inhibition (LI) effect reproduce its observed spatial patterns around centrioles {#s06}
-------------------------------------------------------------------------------------------------------------------------------------------------------

We then investigated how the discrete ring patterns of Plk4, with six uneven foci, are generated from the 12 slots of CEP152. To address this, we reasoned that the molecular nature of Plk4, which has recently been revealed ([@bib43]), may provide a clue. First, Plk4 self-assembles into a macromolecular complex (or protein aggregate). Second, its properties can switch, depending on its autophosphorylation state. Of note, the phosphorylated ("active") form of Plk4 is more dynamic in dissociating from centrioles than the nonphosphorylated ("inactive") form. In addition, the active form of Plk4 promotes the dissociation of inactive Plk4 through self-activation (trans-autophosphorylation) feedback. These properties of Plk4 suggest that it may form the discrete ring patterns by excluding neighboring Plk4 molecules in an autophosphorylation-dependent manner, whereas existing Plk4 complexes gain their mass through self-assembly. This mutual relationship between the active and inactive forms of Plk4 is similar to that of the reaction--diffusion (RD) system (also known as the Turing model) or its analogue, the LI system, which forms periodic patterns at the cellular or tissue level ([@bib29]; [@bib24]; [@bib5]; [@bib26]). Accordingly, here we propose the first verifiable theory explaining the mechanism by which the self-organization properties of Plk4 form dynamic spatial patterns and exclusively provide the single duplication site during centriole duplication. The core concept of this theory, which is based on a recently proposed speculative model ([@bib43]), is shown in [Fig. 3 A](#fig3){ref-type="fig"}.

![**Simulations of the pattern formation of Plk4 based on the LI model. (A)** The core concept of the theoretical model. The self-organization properties of Plk4 result in its lateral-inhibition self-patterning behavior. **(B)** Schematic drawing of the LI model. **(C)** Examples of simulation results. Array plots showing the time course of pattern formation, with the initial quantities of Plk4 indicated in the line graphs above (Input), and the spatial pattern at the last time point (Simulation) are shown for each example. Representative STED images resembling the simulation results are shown at the bottom (Experiment). The arrows and arrowheads indicate the similarities in the patterns between the simulation and the actual observation. The basic parameter setting was used for examples 1 and 2, but *k*6 was doubled for example 3. Scale bar, 0.5 µm.](JCB_201904156_Fig3){#fig3}

Our theory assumes that the active form of Plk4 is dynamic and mobile within the periphery of centrioles. These properties render the active Plk4 capable of reaching and interacting with distant Plk4 molecules along the centriole periphery. This can cause a LI effect, in which active Plk4 molecules repel nearby inactive Plk4 molecules by promoting activation and subsequent dissociation. Assuming this LI effect, we constructed a mathematical model to simulate the pattern formation of Plk4 ([Fig. 3 B](#fig3){ref-type="fig"}; see Materials and methods for details). Simulations starting with random patterns resulted in the formation of approximately six uneven foci of Plk4 that tended to occupy alternate slots to form the distinct "pearl necklace" pattern ([Fig. 3 C](#fig3){ref-type="fig"}). Notably, most of the discrete ring patterns generated in the simulations had single prominent foci, similarly to those in the STED images. In the model, the balanced influx and efflux result in the limited pool of centriolar Plk4. In addition, the model assumed that the dissociation of centriolar Plk4 is attenuated once a certain quantity of Plk4 aggregate is formed in a given segment. This assumption is based on the concept that molecules on the surface are energetically more diffusible than the ones present inside a mass. The attenuation function was defined as a sigmoid that limits the dissociation rate of Plk4, depending on its quantity. The strength of this attenuation effect significantly contributed to the generation of the bias, while the sharpness of the effect did not (Fig. S2 A). Assuming these properties of Plk4, once one of the Plk4 foci becomes prominent at random, the focus accumulates more and more Plk4 molecules and wins the race of LI.

The pattern may be more dynamic, depending on the parameters used. For example, when the *k*6 value was twice that used in examples 1 and 2 ([Fig. 3 C](#fig3){ref-type="fig"}), the spatiotemporal patterning of Plk4 became more dynamic and resulted in a multiple oscillation mode (example 3). Nevertheless, it still exhibited discrete patterns with a prominent peak at each time point. This variation in the spatial and temporal patterns simulated may explain the variety of the spatial patterns of Plk4 observed in our STED analysis. The LI model proposed in this study thus reproduces the observed Plk4 patterns at centrioles well.

Given the somewhat unclear periodicity of the CEP152 spatial patterns, we tested the robustness of the model with respect to the periodicity of the scaffolds. All simulations using different numbers of slots (9, 10, 11, or 13) resulted in the formation of pearl necklace patterns (Fig. S2 B), as in the simulations using 12 slots ([Fig. 3, B and C](#fig3){ref-type="fig"}). The LI effect of Plk4 is thus not strictly dependent on the number of slots, and this model allows flexibility in scaffold conformation. Furthermore, when we more explicitly considered the lateral diffusion of Plk4 within the periphery of the centriole (Fig. S2 C; see Materials and methods for details), simulations also resulted in the formation of discrete ring patterns, regardless of the number of segments (Fig. S2 D). Together, these results further support our theory that Plk4 can self-organize into the patterns around centrioles by its intrinsic properties ([Fig. 3 A](#fig3){ref-type="fig"}). Hereafter, we adopt and further verify the LI model ([Fig. 3 B](#fig3){ref-type="fig"}) as a tentative model.

The LI model reproduces centriole duplication under physiological and perturbed conditions {#s07}
------------------------------------------------------------------------------------------

Using the LI model, we then simulated the pattern transition of Plk4 after the centriolar entry of STIL and HsSAS6 at the onset of procentriole formation ([@bib31], [@bib32]). Since the mechanism through which STIL and HsSAS6 cooperatively regulate the pattern transition to restrict the duplication site remains unclear, in the model, we only included the centriolar entry of STIL, using it to represent the STIL--HsSAS6 complex. The time-evolved simulations were set as follows: (1) initially, the random seeds of Plk4 evolved to form discrete ring patterns via the LI effect, as shown in [Fig. 3 C](#fig3){ref-type="fig"}; (2) next, the expression level of STIL began to increase, as observed in the late G1 to S phases in human cells ([@bib18]; [@bib38]; [@bib2]; [@bib1]); (3) finally, STIL entered the Plk4 slots in which the quantity of active (phosphorylated) Plk4 was above a given threshold as the centriolar loading of STIL has been reported to depend on Plk4-mediated phosphorylation ([@bib12], [@bib13]; [@bib31]; [@bib28]; [@bib27]). The other condition we considered in the simulations was that, once the cytosolic level of STIL had begun to increase, the cytosolic level of Plk4 was assumed to decrease, as increased quantities of STIL in the cytoplasm have been suggested to promote the degradation of Plk4 ([@bib3]; [@bib28]; [@bib32]).

Consequently, simulations using the LI model reproduced the Plk4 pattern transition from the discrete ring into the single focus upon centriolar loading of the STIL--HsSAS6 complex ([Fig. 4 A](#fig4){ref-type="fig"}). The most prominent focus of Plk4 in the rings tended to remain after STIL--HsSAS6 loading. In addition, simulations including negative-feedback regulation mediated by the Plk4--STIL interaction ([@bib32]) yielded similar results but with slightly faster transition from the discrete ring into the single focus after centriolar loading of the STIL--HsSAS6 complex (Fig. S2 E).

![**Simulations using centriolar entry of STIL--HsSAS6 and exogenous perturbation. (A)** Representative simulation results using the entry of the STIL--HsSAS6 complex. **(B)** Representative simulation results using overexpression of Plk4 or STIL. Representative experimental data showing similar patterns are shown at the bottom. The arrowheads in the images indicate the duplicated centrioles. Scale bar, 1 µm.](JCB_201904156_Fig4){#fig4}

Next, we simulated a perturbation of centriole duplication through overexpression of the components and compared the simulated results with experimental results to further verify this model. Overexpression of Plk4, STIL, or HsSAS6 is known to induce overduplication of centrioles ([@bib15]; [@bib23]; [@bib36]; [@bib38]; [@bib2]; [@bib39]). In simulations using overexpression of Plk4 (the cytosolic level of Plk4 was set five times higher), multiple Plk4 foci tended to remain even after STIL--HsSAS6 loading. This was consistent with the experimental results ([Fig. 4 B](#fig4){ref-type="fig"}). This is due to increased influx of Plk4 into the centriole, resulting in multiple foci retaining Plk4 quantities above the threshold of STIL binding. Despite this increased influx, the LI effect remained. Interestingly, under overexpression of Plk4, the simulated Plk4 patterns were relatively unstable throughout the time course ([Fig. 4 B](#fig4){ref-type="fig"}), until they were stabilized via the entry of STIL. Overexpression of STIL was then simulated by setting a lower threshold (one fifth) of STIL binding to Plk4 foci. Under this condition, several Plk4 foci tended to remain after STIL--HsSAS6 loading, which was also consistent with our experimental observations ([Fig. 4 B](#fig4){ref-type="fig"}). Interestingly, the numbers of stabilized Plk4 foci in the overexpression simulations did not exceed six, potentially explaining the limitation in the maximum number of overduplicated daughter centrioles. Indeed, most previous studies have convincingly demonstrated that six is the maximum number of daughter centrioles that can be formed on a single mother centriole ([@bib15]; [@bib23]; [@bib36]; [@bib38]; [@bib2]; [@bib39]), although it is also possible that this may be merely because of space limitations. Importantly, we provide the first theoretical explanation and prediction of the mechanisms involved in centriole overduplication.

Together, we conclude that the model successfully reproduced our observations regardless of experimental conditions. This further supports our self-patterning theory ([Fig. 3 A](#fig3){ref-type="fig"}).

Inhibition of Plk4 activity resulted in unexpected patterns, implying flexibility in the pattern of the Plk4 scaffold {#s08}
---------------------------------------------------------------------------------------------------------------------

Assuming that Plk4 is converted into its active form via autophosphorylation, inhibition of its kinase activity may decelerate the activation of Plk4 and diminishes the LI effect ([Fig. 3 A](#fig3){ref-type="fig"}). Using lower activation rates, our model predicted that Plk4 would occupy all of the available slots and exhibit 12 foci symmetrically arranged around a centriole (data not shown). In contrast, upon treatment with the Plk4 inhibitor centrinone ([@bib41]), Plk4 exhibited ninefold rotationally symmetrical spatial patterns in our STED observations (Fig. S3 A). Interestingly, in the presence of centrinone, the middle part of CEP152 exhibited patterns closer to ninefold symmetry (40° intervals), whereas the N-terminal part continued to hold ∼12 slots (30° intervals) at the centriole (Fig. S3 B). Collectively, these findings suggest that the inhibition of kinase activity changes the mode of Plk4--CEP152 interaction. Considering the somewhat unclear periodicity of CEP152, further investigation using electron microscopy or perhaps expansion microscopy ([@bib8]; [@bib7]), besides STED microscopy, may provide more information about the relationship between the activity of Plk4 and its scaffold.

The self-patterning theory of centriole duplication {#s09}
---------------------------------------------------

As schematically shown in [Fig. 5](#fig5){ref-type="fig"}, our theory explains the involvement of molecular dynamics in the determination of centriole duplication sites. In this model, Plk4 first forms randomly distributed seeds, and subsequent competition via the LI effect results in the appearance of discrete ring patterns. The model also includes the self-assembly property of Plk4 ([@bib43]), by which condensed Plk4 attenuates its dissociation rate. Therefore, the slot that recruits the greatest quantity of Plk4 at the onset is favored, in that it prevents neighboring slots from recruiting Plk4 molecules and tends to survive as the largest Plk4 focus via first-come-first-served and the-rich-grow-richer processes ("Self-patterning" in [Fig. 5](#fig5){ref-type="fig"}). Through stochastic means, STIL and HsSAS6 preferentially bind to the largest Plk4 focus in the discrete ring, leading to stabilization. This assumption is reasonable, given that stochastic interactions between Plk4 and STIL--HsSAS6 are probably biased such that the more Plk4 there is in a focus, the more frequently the molecules interact with each other. Increasing expression levels of STIL in turn promote the degradation of cytosolic Plk4, resulting in decreased entry of Plk4 into the centriole. Given that the population of phosphorylated Plk4 in centrioles increases after centriolar loading of the STIL--HsSAS6 complex ([@bib32]; [@bib43]), it is also conceivable that the negative-feedback regulation based on the Plk4--STIL interaction promotes the dissociation/degradation of Plk4 around the mother centriole wall, except at the duplication site ([@bib32]). Consequently, the largest Plk4 focus remains as the only site of centriole duplication.

![**Model of centriole duplication.** The self-patterning theory explains how the self-organization properties of Plk4 result in the formation of the biased discrete ring patterns to provide the single centriole duplication sites.](JCB_201904156_Fig5){#fig5}

According to our self-patterning theory, Plk4 can independently form periodic discrete patterns, i.e., potential duplication sites. Most importantly, because of its intrinsic properties, Plk4 alone can generate bias from random seeds in the periphery of preexisting centrioles, suggesting that this is the first spontaneous symmetry breaking in centriole duplication. However, the self-patterning of Plk4 exhibits fluctuation and plasticity until it is stabilized by STIL and HsSAS6. Indeed, recent theoretical work has suggested the importance of a STIL-mediated mechanism in the symmetry breaking of Plk4 ([@bib25]). Their model has similarities with ours in autoamplification and competition mechanisms, while the scope is different. The core concept of our models is that the intrinsic properties of Plk4 can drive the symmetry breaking, which is essential as the biased pattern of Plk4 can be observed before centriolar loading of STIL, and even in STIL-depleted cells ([@bib31]; [@bib43]). However, apart from the initial symmetry-breaking event, both models may come to the same conclusion, that the STIL-mediated mechanism plays a critical role in completing the site selection for centriole duplication. Such a two-step process---the self-patterning of Plk4 and the subsequent stabilization by STIL and/or HsSAS6---may serve as backup and buffer mechanisms to ensure the precise regulation of centriole duplication. In biological systems, it is commonly observed that initial symmetry-breaking steps induce weak bias, and subsequent feedback mechanisms robustly fix the asymmetry ([@bib14]; [@bib9]; [@bib21]). Instead of forming the definitive duplication site from the beginning, the weakly biased ring patterns of Plk4 may provide backup sites, while the entry of STIL--HsSAS6 ensures that only one site is determined for centriole duplication. In this regard, it is interesting that the spatiotemporal patterning of Plk4 may be more dynamic, depending on the parameters used in simulations ([Fig. 3 C](#fig3){ref-type="fig"}, Example 3). Thus, our theory predicts the possibility that potential centriole duplication sites switch dynamically within the periphery of centrioles, although such a system may be too unstable. The development of future techniques enabling live-cell super-resolution imaging may provide the answer. Alternatively, addition of other concepts, such as liquid--liquid phase separation ([@bib42]), may significantly improve our models. While our theory sheds light on numerous experimental observations, further research based on both experimental data and further improvement of the present models may assist in reaching definitive conclusions.

Materials and methods {#s10}
=====================

Key resources {#s11}
-------------

### Antibodies {#s12}

Antibodies used were Plk4 (1:250; MABC544; Merck), CEP152-N (1:1,000; A302-479A; Bethyl), CEP152-Mid (1:1,000; A302-480A; Bethyl), GFP (1:500; A11120; Invitrogen), HA (1:500; ab9110; Abcam), CP110 (1:1,000; 12780--1-AP; Proteintech), and centrin (1:1,000; 04--1624; Merck).

### Chemicals {#s13}

Chemicals used were thymidine (T1895; Sigma-Aldrich) and centrinone (HY-18682; MedChem Express).

Experimental model and subject details {#s14}
--------------------------------------

### Cell lines {#s15}

HCT116 cells were cultured in McCoy's 5A medium (GE Healthcare) supplied with 10% FBS, 1% glutamine, and 1% penicillin/streptomycin. U2OS cells were cultured in DMEM supplied with 10% FBS and 1% penicillin/streptomycin. For synchronization of the cell cycle, 2 mM thymidine was added to the medium, as indicated in Fig. S1 A. For Plk4 inhibition, cells were incubated for 4 h in the presence of 200 nM centrinone before fixation.

Cells were transfected with DNA or siRNA using Lipofectamine 2000 or Lipofectamine RNAiMAX, according to the manufacturer's instructions.

The HCT116 Plk4--mClover cell line was produced via CRISPR-Cas9 genome editing. The mClover sequence was inserted into the 3′ region of the Plk4 gene, and cell clones were selected using hygromycin. Cloned cells were genotyped using PCR, and the proper localization of expressed Plk4--mClover was verified via immunofluorescence. We were only able to obtain a monoallelic cell line, which we therefore used in this study.

Method details {#s16}
--------------

### Immunofluorescence {#s17}

Cells cultured on coverslips were fixed using cold methanol at −20°C for 5 min. The fixed cells were washed three times with PBS and incubated in blocking buffer (1% BSA and 0.05% Triton X-100 in PBS) for 20 min at RT. The cells were then incubated with primary antibodies in blocking buffer at 4°C overnight, washed three times with PBS, and incubated with secondary antibodies in blocking buffer for 1 h at RT. The cells were stained with Hoechst 33258 (DOJINDO) in PBS for 5 min at RT, washed three times with PBS, and subsequently mounted with ProLong Gold (P36930; Thermo Fisher Scientific).

### Microscopy {#s18}

For general observations, an upright epifluorescence microscope (Axio Imager 2; Zeiss) with a 100× oil-immersion objective (NA 1.4) and an AxioCam HRm camera, or an inverted confocal microscope (Leica TCS SP8) equipped with a 63× oil-immersion objective (NA 1.4), was used. Z-stacked confocal images were obtained at 0.13-µm intervals.

For live-cell imaging, a spinning disc--based confocal microscope (CV1000; Yokogawa) equipped with a 60× oil-immersion objective (NA 1.35), a back-illuminated electron-multiplying charge-coupled device camera, and a stage incubator supplied with 5% CO~2~ was used. Typically, 10--30 fields of view were recorded every 10 min for up to 30 h in a single experiment, and each field contained 25 z-slices with 1.3-µm intervals, subsequently max-projected using ImageJ software.

For STED observations, a STED system based on an inverted confocal microscope (TCS SP8 STED; Leica) equipped with 592/660 STED laser lines and a 100× oil-immersion objective (NA 1.4) was used. The interval of optical sectioning was 0.18 µm. In STED observations, U2OS cells were used instead of HCT116 cells, because they provided better immunofluorescence images and there were no obvious differences in the analyzed data (data not shown).

The Huygens Essential or Professional image processing software was used for image deconvolution, and ImageJ software was used for image processing and analyses.

### Mathematical modeling {#s19}

Our mathematical models were based on the molecular nature of Plk4 ([Fig. 3 A](#fig3){ref-type="fig"}), which has recently been revealed ([@bib43]). Given the periodicity of CEP152 scaffolds ([Fig. 2 E](#fig2){ref-type="fig"}), we typically placed 12 segments as Plk4 slots around the centriole. The last segment (*x* = 12) was connected to the first (*x* = 1) to form a closed-loop centriolar ring ([Fig. 3 B](#fig3){ref-type="fig"}). As described above, Plk4 can take two distinct forms: active and inactive. The inactive form influxes from the cytosol (with the kinetic constant *k*1) to the centriolar segments, and both forms dissociate from the centriole (with the distinct kinetic constants *k*2 and *k*5, respectively). The active form was set to be more dynamic in its dissociation (*k*5 \> *k*2) and mobile in its interaction with other Plk4 molecules in the neighboring segments (bold orange arrows in [Fig. 3 B](#fig3){ref-type="fig"}). The inactive form self-assembles (*k*6) to cause a positive-feedback effect and turns into the active form through autophosphorylation (*k*3). The self-assembly rate is proportional to the concentration of Plk4 in each segment and in the cytosol. Therefore, all Plk4 influx into each segment was included in the self-assembly term. The active form of Plk4 promotes the activation of adjacent inactive Plk4 in its own segment and in neighboring segments (*k*4). This promotes the dissociation of activated Plk4, generating the LI effect. Importantly, when the total amount of Plk4 in a segment reaches a given threshold, the molecules are assumed to form a stable complex (aggregate; [@bib43]), which reduces the dissociation rates of both forms of Plk4. A random fluctuation (±10%) was added to the self-assembly term, so the results differ in each simulation. The initial seeds (input) were provided as random real numbers between 0 and 1. It should be noted that the model does not distinguish between dissociation and degradation, so the observed dissociation may be partly degradation. The units for the kinetic constants and time are arbitrary.

To simulate centriole duplication, we constructed two mathematical models as follows. For convenience, here the models are termed the LI and the RD models. Both models are based on the intrinsic properties of Plk4 that allow it to self-assemble and promote the dissociation/degradation of neighboring molecules following its activation. The units, including that used for time, are arbitrary (relative). Although no actual data are available at present, the parameter sets used in this study may be realistic when standard units are supposed; for example, micrometers for the length unit and s^−1^ for the kinetic constants given the data reported for other systems, e.g., phosphorylation by the serine-threonine protein kinase S6K1 ([@bib20]). As schematically shown in [Fig. 3 B](#fig3){ref-type="fig"} and Fig. S2 C, there are only slight differences between the models. Specifically, the RD model more explicitly considers the lateral diffusion of Plk4 molecules within the periphery of the centriole. The periphery of the centriole (the scaffold of Plk4) is divided into segments (*x*), such that the last segment (*x* = L) is connected to the first (*x* = 1) to form a closed loop. L was typically assigned a value of 12. Plk4 can exist in the active (autophosphorylated) or the inactive form. In the LI model, the rate of change in the concentration of Plk4 at segment *x* and time *t* (I*~x~*(*t*) for the inactive form and A*~x~*(*t*) for the active form) is expressed using the following partial differential equations:$$\begin{array}{l}
{{{\partial I_{x}\left( t \right)}/{\partial t}} = N \cdot I_{cyto}\left( t \right) \cdot {\left\lbrack {k_{1} + k_{6} \cdot I_{x}\left( t \right)} \right\rbrack/\left\lbrack {1 + k_{max1} \cdot I_{x}\left( t \right)} \right\rbrack}} \\
{- \left\{ {0.9 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 0.1} \right\} \cdot k_{s}\left( x \right)} \\
{\cdot k_{2} \cdot I_{x}\left( t \right) - k_{s}\left( x \right) \cdot k_{3} \cdot I_{x}\left( t \right)} \\
{- \left\{ {6 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 4} \right\} \cdot k_{s}\left( x \right)} \\
{\cdot k_{4} \cdot I_{x}\left( t \right) \cdot {\left\lbrack {A_{x}\left( t \right) + A_{x - 1}\left( t \right) + A_{x + 1}\left( t \right)} \right\rbrack/\left\lbrack {1 + k_{max2} \cdot I_{x}\left( t \right)} \right\rbrack}} \\
\end{array}$$and$$\begin{array}{l}
{{\partial A_{x}\left( t \right)}/{\partial t = k_{s}\left( x \right) \cdot k_{3} \cdot I_{x}\left( t \right)}} \\
{- \left\{ {0.9 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {A_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 0.1} \right\}} \\
{\cdot k_{s}\left( x \right) \cdot k_{5} \cdot A_{x}\left( t \right)} \\
{+ \left\{ {6 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 4} \right\}} \\
{\cdot k_{s}\left( x \right) \cdot k_{4} \cdot I_{x}\left( t \right)} \\
{\cdot {\left\lbrack {A_{x}\left( t \right) + A_{x - 1}\left( t \right) + A_{x + 1}\left( t \right)} \right\rbrack/\left\lbrack {1 + k_{max2} \cdot I_{x}\left( t \right)} \right\rbrack},} \\
\end{array}$$where N is a noise parameter, I*~cyto~*(*t*) is the cytosolic concentration of inactive Plk4, $1 + k_{max1} \cdot I_{x}\left( t \right)$ limits the centriolar influx of Plk4, and $0.9 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 0.1$ and $6 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 4$ express the sigmoidal deceleration of Plk4 dissociation (termed here "the dissociation-attenuation function") caused by the decreased surface-to-volume ratio upon self-assembly. Representative plots of the dissociation-attenuation function and the dependency of the model on the function are shown in Fig. S2 A. The parameter *k~s~*(*x*) decreases as STIL enters the segment and stabilizes Plk4. Notably, in this model, the centriolar loading of STIL was biased according to the Plk4 bias within the discrete ring pattern. In other words, Plk4--STIL interactions at centrioles were assumed to occur stochastically, as in general protein--protein interactions. Specifically, in the presence of cytosolic STIL, when the quantity of active Plk4 in segment *x*, A*~x~*(*t*) exceeds a given threshold (typically 0.5), STIL enters the segment and *k~s~*(*x*) decreases by 25%. I*~cyto~*(*t*) is kept constant in the absence of STIL and starts exponential decrease (time constant = 50) once the centriolar loading of STIL starts. The prominent Plk4 focus contained the active form of Plk4 most abundantly among the segments as previously observed for phosphorylated Plk4 at centrioles ([@bib43]), while simulation data only for total quantity of Plk4 (inactive + active) are shown for simplicity (e.g., [Fig. 3 C](#fig3){ref-type="fig"}). The initial values of the inactive form, I*~x~*(0), are provided as a list of random real numbers between 0 and 1, whereas those of the active form A*~x~*(*t*) are set to 0. The basic parameter settings are listed in Table S1.

Next, to test the validity of the core concept that the self-organization properties of Plk4 alone can cause the discrete ring patterns to form, we tested how altering the mobility of Plk4 would affect the model. For this alternative mathematical model, the RD model, we used the core concept shown in [Fig. 3 A](#fig3){ref-type="fig"}, but more explicitly considered the lateral diffusion of Plk4 within the periphery of the centriole (Fig. S2 C). This is possible since the pericentriolar space is filled with a number of proteins and therefore serves as a diffusion trap to tether Plk4 around the centrioles. Similarly to the LI model ([Fig. 3 B](#fig3){ref-type="fig"}), the active form of Plk4 was assumed to be more dynamic (i.e., larger diffusion coefficient) than the inactive form (Fig. S2 C and Table S2). The active form repels the inactive form through self-activation feedback, although only within the same segment (Fig. S2 C). Given that the RD model explicitly includes diffusion formulae, the concentration changes are expressed as:$$\begin{array}{l}
{{{\partial I_{x}\left( t \right)}/{\partial t}} = N \cdot I_{cyto}\left( t \right) \cdot {\left\lbrack {k_{1} + k_{6} \cdot I_{x}\left( t \right)} \right\rbrack/\left\lbrack {1 + k_{max1} \cdot I_{x}\left( t \right)} \right\rbrack}} \\
{- \left\{ {0.9 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 0.1} \right\}} \\
{\cdot k_{s}\left( x \right) \cdot k_{2} \cdot I_{x}\left( t \right) - k_{s}\left( x \right) \cdot k_{3} \cdot I_{x}\left( t \right)} \\
{- \left\{ {8 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 4} \right\} \cdot k_{s}\left( x \right)} \\
{\cdot k_{4} \cdot I_{x}\left( t \right) \cdot {{A_{x}\left( t \right)}/\left\lbrack {1 + k_{max2} \cdot I_{x}\left( t \right)} \right\rbrack}} \\
{+ \left( {D_{I}/{dx^{2}}} \right) \cdot \left\lbrack {- 2 \cdot I_{x}\left( t \right) + I_{x - 1}\left( t \right) + I_{x + 1}\left( t \right)} \right\rbrack} \\
\end{array}$$and$$\begin{array}{l}
{{\partial A_{x}\left( t \right)}/{\partial t = k_{3} \cdot I_{x}\left( t \right)}} \\
{- \left\{ {0.9 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {A_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 0.1} \right\}} \\
{\cdot k_{s}\left( x \right) \cdot k_{5} \cdot A_{x}\left( t \right)} \\
{+ \left\{ {8 \cdot \left\lbrack {{1 - 1}/\left( {1 + Exp\left\{ {- 100 \cdot \left\lbrack {I_{x}\left( t \right) - 1} \right\rbrack} \right\}} \right)} \right\rbrack + 4} \right\}} \\
{\cdot k_{s}\left( x \right) \cdot k_{4} \cdot I_{x}\left( t \right) \cdot {{A_{x}\left( t \right)}/\left\lbrack {1 + k_{max2} \cdot I_{x}\left( t \right)} \right\rbrack}} \\
{+ \left( {D_{A}/{dx^{2}}} \right) \cdot \left\lbrack {- 2 \cdot A_{x}\left( t \right) + A_{x - 1}\left( t \right) + A_{x + 1}\left( t \right)} \right\rbrack,} \\
\end{array}$$where *D~I~* and *D~A~* are the diffusion coefficients for the inactive and active forms of Plk4, respectively, and *dx* is the distance between each segment. The basic parameter settings are listed in Table S2.

The simultaneous differential equations were numerically solved using our original Mathematica program. Specifically, the total time course was divided into 50 time windows, and the equations were sequentially solved in each time window. The noise parameter N (a random real number between 0.9 and 1.1) and *k~s~*(*x*) were updated at the onset of each time window. The initial value of *k~s~*(*x*) was 1 in all segments. A*~x~*(*t*) was monitored at the onset of every time window and if A*~x~*(*t*) \> 0.5, then *k~s~*(*x*) was updated such that *k~s~*(*x*) = 0.75 ⋅ *k~s~*(*x*). The numerical solutions of each time window were inherited as the initial values to the next time window. The program also generated the time-evolved simulation graphs and the simulated spatial distributions shown in [Figs. 3](#fig3){ref-type="fig"}, [4](#fig4){ref-type="fig"}, and S2. For simplicity, the representative results illustrated show the total quantities of Plk4 (i.e., both inactive and active), even though each focus typically included a certain proportion of active Plk4.

The RD model is basically similar to the LI model ([Fig. 3 B](#fig3){ref-type="fig"}) and, indeed, consistently generated the discrete ring patterns (Fig. S2 D). The LI model ([Fig. 3 B](#fig3){ref-type="fig"}) assumes that Plk4 molecules can diffuse only into the neighboring segments, which can be therefore regarded as a limited and simplified RD model. Despite the similarities and consistency in these two models, however, the LI model seems more feasible by reducing parameters as little is known about the actual properties of diffusion of Plk4 in the pericentriolar space.

Quantification and statistical analysis {#s20}
---------------------------------------

All quantification and statistical analyses were performed using ImageJ, Mathematica, R, and Excel software. For live imaging, the fluorescence intensity of regions of interest of the same size was measured using ImageJ on maximum projection images, and the fluorescence intensity of a no-cell region was used for background subtraction ([Fig. 1 A](#fig1){ref-type="fig"}). The oval profiles of Plk4 and CEP152 were measured using the Oval Profile Plot plugin with the "Along Oval" option, as shown in [Fig. 2, B and E](#fig2){ref-type="fig"}. The number of sampling points was set to 64 for conventional confocal images or 128 for STED images, depending on image resolution. For the calculation of the ring-filling indices ([Fig. 1 C](#fig1){ref-type="fig"}), the profiles were exported to and processed in Excel. Using CEP152 as a marker, we determined the ring-filling indices based on normalized oval fluorescence intensity profiles of Plk4 ([Fig. 1 C](#fig1){ref-type="fig"}). The index for a complete ring was 1, and if 50% of the circumference around the centriole was filled with Plk4, the ring-filling index was 0.5. The box-and-whisker plots in [Fig. 1 D](#fig1){ref-type="fig"} were generated using R. The profiles were exported to Mathematica to generate the 2D array plot shown in [Fig. 2 C](#fig2){ref-type="fig"}. Using our Mathematica programs, the peaks in the profiles were detected by calculating the local maxima, and the angles (distances) between nearest-neighbor pairs of foci were obtained, as shown in [Fig. 2, D and E](#fig2){ref-type="fig"}. In addition, we developed a Mathematica program to obtain autocorrelation functions (Fig. S2 A). The original data were zero-padded for the calculations.

Online supplemental material {#s21}
----------------------------

Fig. S1 shows the time course of cell synchronization and analyses for periodicity of spatial patterns of centriolar Plk4 and CEP152. Fig. S2 shows simulations with alternative parameter sets or assumptions. Fig. S3 shows the effect of the inhibition of kinase activity on the pattern formation of Plk4. Table S1 shows basic parameter settings for the LI model. Table S2 shows basic parameter settings for the RD model.
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